Abstract. Dukes (2014) and Konno, Shimizu, and Takei (2017) studied the periodicity for 2-state quantum walks whose coin operator is the Hadamard matrix on cycle graph CN with N vertices. The present paper treats the periodicity for 3-state quantum walks on CN . Our results follow from a new method based on cyclotomic field. This method shows a necessary condition for the coin operator of quantum walks to have the finite period. Moreover, we reveal the period TN of two kinds of typical quantum walks, the Grover and Fourier walks. We prove that both walks do not have any finite period except for N = 3, in which case T3 = 6 (Grover), = 12 (Fourier).
Introduction
The discrete time quantum walk is defined as a quantum counterpart of the classical random walk [1, 2] . It is known that theory of quantum walks is useful for developing new quantum algorithm. As other applications, quantum walks have been studied from various research fields, e.g., topological insulator, quantum information science. Some reviews and books for the quantum walk are [15, 16, 17, 18] . In the present paper, we treat 3-state quantum walks on the cycle graph C N with N vertices. Especially, we focus on the property of periodicity. The periodicity of the quantum walk is widely studied with some applications [3, 4, 5] . For example, one of our motivations of the study on the periodicity of quantum walks is to characterise graphs [9, 11] . Moreover, the periodicity is clarified for some typical graphs, e.g., complete graphs, the generalized Bethe trees, and cycles [6, 7, 8, 10] . We should remark that the 3-state quantum walk on cycle is regarded as the quantum walk on cycles with self-loops.
From now on, we present definition of 3-state quantum walks on C N introduced by Sadowski et al. [12] . Furthermore, this model is given by adding a periodic boundary condition to 3-state quantum walks on Z which is a typical walk with localization [13, 14] , where Z means the set of integers. Firstly, we consider a quantum walk on the Hilbert space H = V (C N ) ⊗ C 3 , where V (C N ) = {0, 1, · · · , N − 1} is the vertex set of C N (N ≥ 2). The quantum walker has three kinds of chirality states, ←, •, and →. Each state means the direction of motion of the walker. Here, we correspond each state to the vectors as follows.
Weights P, Q, and R represent the walker hops to adjacent vertices or stays the same vertex. They are given by a division of the coin operator C ∈ U(3), respectively:
where U(n) means the set of n × n unitary matrices. Here, we note that above definitions of P, R, and Q are moving shift type which is often used for quantum walks on some fixed graphs, e.g., n-dimensional lattice, tree graphs. On the other hand, the flip-flop shift is used to define quantum walks on general graphs. The results in this paper are only for the moving shift type. However, we should remark that similar results can be obtained in flip-flop shift.
For the initial state Ψ 0 ∈ H, the time evolution is defined as Ψ t = U t N Ψ 0 , where the time evolution operator U N is given as follows.
For N = 2, we define
Secondly, the Fourier transform of the quantum state is defined asΨ t (k) =
Here, t means the transpose operation. Then,
gives the time evolution for the quantum state on the Fourier space, i.e.,
, where Spec(·) denotes the set of eigenvalues. Next, we put
where N is the set of natural numbers and I n is the n × n identity matrix. If N = ∅, the period of the quantum walk T N is defined by min N . If N = ∅, then T N = ∞ and we say the quantum walk is not periodic. Thus, the following lemma is a basic method to distinguish the quantum walk is periodic or not.
Lemma 1.1. For T ∈ N, the following (1) to (3) are equivalent.
(
is the ring of integers of the n-th cyclotomic field, A is the set of algebraic integers, and Q[ζ N ] is the n-th cyclotomic field. The following result is easily obtained by definitions of A and Q[ζ N ]. Moreover, ζ n is a primitive n-th root of unity, i.e., ζ n = e 2π n i .
, then the following relation holds.
Results
In this section, we will present some results of the periodicity of the quantum walk.
Necessary condition for the coin operator
We will show a necessary condition for the coin operator to have the finite period.
Proof: Assume that U T N = I 3N . From Lemma 1.2, we see that 
Periodicity for the typical quantum walks
We reveal the periodicity of two kinds of typical quantum walks, the Grover and Fourier walks.
The Grover walk
The Grover walk is determined by the coin operator as the Grover matrix, i.e.,
Here, G(n) = (g i,j ) i,j=1,2,...,n is the Grover matrix with size n, which is defined by
Then, the characteristic polynomial ofÛ (k) is
The above equation gives Spec(Û (k)) = {λ 1 (k), λ 2 (k), λ 3 (k)} with λ 2 (k) = λ 1 (k) and λ 3 (k) = 1.
Theorem 2.2. For any N ≥ 2, the period of the Grover walk is as follows.
Proof: Firstly, we prove N = 3 case. From (2.4), we get the eigenvalues ofÛ (k) as follows.
.
Hence, Lemma 1.1 gives T 3 = lcm(2, 3) = 6. Next, we prove N = 3 case. Assume that U T N = I 3N . By Lemma 1.2, we see that
Since λ 3 (k) = 1, we have
(2.5)
On the other hand, definition of Q[ζ N ] and (2.4) imply
with (2.5) and (2.6) gives
Especially, we now focus on k = 1 case:
Here, we should remark that 3e
On the other hand, we have 3e
Combining (2.7) with (2.8) implies n i in (2.9) do not belong to 3Z. In the rest of the proof, we consider N with φ(N ) ≤ 2 and N = 3, i.e., N = 2, 4, and 6 cases. For three cases, it follows from (2.9) and the following easily obtained results (i) to (iii) that a contradiction occurs in the assumption U T N = I 3N . Therefore, the desired conclusion is given.
The Fourier walk
The Fourier walk is defined by the coin operator as the Fourier matrix, i.e., Here, F (n) = (e
..,n is the Fourier matrix with size n. Then, the characteristic polynomial ofÛ (k) is
As in the case of the Grover walk, the following result on the periodicity for the Fourier walk can be obtained by (2.10).
Theorem 2.3. For any N ≥ 2, the period of the Fourier walk is as follows.
Proof: Firstly, we check N = 3 case. Then, (2.10) implies that
Hence, Lemma 1.1 gives T 3 = lcm(4, 6) = 12. Next, we want to show that T N = ∞ if N = 3. As for N = 2 or 3 n (n ∈ N) cases, T N = ∞ can be derived from the result given by Saito [11] in our setting:
Theorem 2.4. [11] For N = 3 n (N > 2) with n ∈ N, the Fourier walk on C N is not periodic.
Therefore, we will prove only for N = 2 and 9 cases, since Spec(U 9 ) ⊂ Spec(U 3 n ) (n > 2) and Lemma 1.1.
As in the proof of Theorem 2.2, we focus on the following λ 1 (1) + λ 2 (1) + λ 3 (1) given by (2.10).
Assume that U T N = I 3N . Then, Lemma 1.2 implies
By definition of Q[ζ N ] and (2.11), we obtain
Thus, Combining (2.12) with (2.13) gives
Then, we have
(2.14)
From (2.14) and the following results (i) and (ii), a contradiction occurs in the assumption U T N = I 3N . Hence, desired conclusion is given. 
Summary and discussion
In the present paper, we got some results about the periodicity of 3-state quantum walks on cycles by using a method of cyclotomic field. Especially, we completely determined the periodicity of two kinds of typical quantum walks, the Grover and Fourier walks, in Theorems 2.2 and 2.3, respectively. We should remark that there are two kinds of typical shifts for quantum walks, i.e., moving and flip-flop shifts. The shift of the walk considered here is moving shift. On the other hand, the corresponding flip-flop type is defined by 
